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Abstract: Statistical Learning Theory compr
developed in order to theoretically analyse

ises a collection of techniques that have been
the performance of neural network and other

“learning” algorithms. In this paper, a number of recent results in statistical learning theory
are summarised in the context of nonlinear system identification. A top-down approach to the
problem is taken, leading to the statement of a number of characterisation results. Specific
topics covered include empirical risk minimisation, various types of Glivenko-Cantelli
classes, scale-sensitive dimensions, sample complexity and the application to dynamic system

identification.
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1. INDUCTION OF MODELS

The players . . threw these abstract
formulas at one another displaying the
sequences and possibilities of their science.

— Herman Hesse: The Glass Bead Game

It is well to consider the philosophical foundations
of anything one does; that is particularly true when
one is trying to solve technologically a philosophi-
cally impossible problem. System identification is the
induction of models from observed events (data). In

attains a certain level of performance. One could say
that of the two goals of a scientific theory (predictive

performance and explanatory power, the former is
valued rather more). The postulation of a “true” model

is sometimes useful for theoretical analysis, but as we
shall show, an insightful analysis can be performed
without the assumption. Furthermore we shall show
how one can theoretically determine the number of
data points required to attain a pre-specified level of
performance. Nevertheless, one is still attempting to

general it is impossible in the sense that you can never,aa5on inductively, and cognisance needs to be taken

knowyou have identified the truth: “for all is but a
woven web of guesses.” You can not even assert with
high probability that you are close to the truth Pop-
per [1981, 1980]. The (implicit) philosophical stance
of an engineer identifying a dynamical system might
be described as a game. The game is tiiisertain
assumptions | am willing to make (with no epistemo-
logical justification) are trughenon the basis of data
available, how reliable a conclusion can | draw?

It is important to realize that in solving a system
identification problem, one is not necessarily seeking
to discover the “true” model; one is after a model that

L Thanks to Erik Weyer for helpful comments on a draft. This work
was supported by the Australian Research Council.

of the dangers inherent in doing so.

Black-box identification [S)berg et al., 1995, Juditsky

et al., 1995] is an approach taken when the engineer
neither can hypothesise a physical model nor has a
specific parametric model imposed upon him (per-
haps from extrinsic considerations). However a model
structure which “belongs to families that are known to
have good flexibility and have been successful in the
past” [Spberg et al., 1995, p. 1692] may be sought.
This is, of course, inductivism by another name, and
appeal to such an infinite regress does not really help
[see Popper, 1980, page 29].

The extent to which past success will help is indeed
uncertain; however all is not lost. One can derive very



useful insight from an analytical consideration of the the “best” model according to a criterion such as (1).
game mentioned above. One could say that the goalHowever this becomes a general problem of statistical
is to find how black is the box, and what determines regression. Thus to a large extent, the study of non-
its blackness? The game might be called “Assumption linear black-box models for system identificatien
Engineering.” the study of nonlinear regression, perhaps with some

One can play the game in many ways. The best gamesadded complications due to the dependence structure

i t—1 ,t—1
follow an intrinsic logic rather than an extrinsic one. Inherent ing(u'=", 7).
Thus we might care to determine what are the essential

limitations of particular approaches to system identifi- 3. A GENERAL FRAMEWORK FOR

cation. For example, to what extent is fr@rametrisa- REGRESSION PROBLEMS

tion chosen for a class of models an essential feature, Each discipline which seized upon the
and to what extent is it a choice of convenience? Game created its own language of formulas,

abbreviations, and possible combinations.

In thls_pa_per wil review some recentwork n the field We would like to theoretically understand the intrinsic
of statistical learning theory that relates to these ques-jiitations of the above regression problem. To that

t'EnS' Sﬁ ecn;]lcally, I W'" .explafm ngat IS c?‘?f\‘N kan\_/vn end we want to be very careful in proceeding with an
about the characterisation of problem difficulty in a analysis that we do not infer fundamental limitations

tnurr][betr ﬁf formaltfra:]newolrksWI(orhspegmc gamel rutlrt]as of our analysigools One recipe to avoid doing this is
ots r? tC th_lrrr]ntﬁ ap or)t. \INI show y_f_exar?lp eﬁ et to aim for characterisationof the problem in hand:
extent to which the exact rules can signiticantly altlect y, o+ is necessary and sufficient conditions to achieve

the COI"IC|U§IOI’]S one can infer. | hav_e attempted 1o fol- the goals we set ourselves. We can then be reasonably
low t_he qulcal rather tharchronologicalstructure of. sure that the only place we have ourselves imposed
the field in order o argue where to go.next. ! have N~ an answer on ourselves is in titial formulation of
_cluded technical definitions of the key ideas dlscug;sedthe problem. This is the approach adopted by Vapnik
in order to make the paper reas_onably self-contameq,and we borrow heavily from his books Vapnik [1995,
bUt. t.he reader ShOUIC.I not be b.“n,ded by those techn|-1982]_ A concise presentation of a number of the ideas
calities: above anything else, it is tHiavour of the below can also be found in Vapnik [1993]. We have
omitted without further mention when measurability

results and there logical structure that | wish to com-
municate. There is a longer version of this paper with assumptions must be made. (See van der Vaart and
Wellner [1996] for a detailed discussion.)

material on a number of other related topics.

We require doss functionLet X be the “input” space
2. REGRESSION AND NONLINEAR andy the “output” space. Thenlass functioris a map
BLACK-BOX STRUCTURES L : Y x Y which is used to assign a cost of a particular
hypothesisf: X — Y on a givendata point(z,y) €
We will adopt the general setting and some of the X x Y via ¢((z,y), f) := L(y, f(x)). We judge the
notation in Spberg et al. [1995], Juditsky et al. [1995] overall performance off by the expected value of
to which the reader is referred for a rather fuller the loss function (or theisk) where the expectation
introduction. Suppose we have a black-box dynamical is taken with respect t@, the distribution of ther

system with inpu.(t) and outputy(t). We observe data points:
e i) ale) R() = EIL(Y. ()] = [ 60z £)dP(2)
yt = [y(l):...:y(t)] where we have writtere = (z,y), ¢(z, f) =

L(y, f(x)) and P is the distribution of(X,Y) on
and would like to infer a relationship between past X x Y. We can again restate our problem: Given
observationgu!~!,4*~!] and future outputg/(t). A (i, y)™y, vi = f*(xi) + e, (e; iS a “noise” se-

general model for this is guence) and a class of functiofisdetermine
y(t) = g(u' 1y ™) +o(t). fr= ar}%n;in R(f).
€

With this setup, the problem becomes: Chogse G, This is impossible, as we are only givesa@mnpleof n

a class of candidate models. The quality of a model is data points and thus do not kndand hence can not
often measured by means of a criterion such as compute the risk

> lly®) — g~y (1) We thus need to adopt anductive principle which
t (we hope!) will lead to estimates somehow “close”
where the sum is over input-output pairs not used in to f*. Perhaps the most widely used inductive prin-
choosingg. Writing ¢(t) := ¢(u'~1,y*~1) for the ciple is calledEmpirical Risk MinimisationERM).
regression vectofsomefixed function of the data), There one picks an hypothesis frafivia
a more precise statement of the problem becomes: f — arg min Rempl f)
Choosey(-), chooseg, then pickg € § which gives i



where theempirical riskis defined by z = (z,y),f € F} be theloss-function induced

Lo class Let N (e;21,...,2,) denote thes-covering
Rempl(f) := = > L(yi, f () number of® with respect toy, .. . , z, in the/,, met-
n 4 : o _ ..
i=1 ric. Let H)'(e;21,...,20) = NNy (521, .., 2n).
and is clearly computable from the data provided. The quantity Y (e,n) = EHZ (e, 21,...,2n) IS
The “hope” we mentioned can be expressed formally known as theVC-entropyof ®. The expectation is
as requiring that the estimatgf, satisfies the two  taken withz = (z1,..., 2,,) drawn according ta>".
relationships Vapnik and Chervonenkis [1981] have shown that if

forall e > 0, limy,—o 2HY(e,n) = 0 then (3)

R(fn) . inf R(f) holds. Furthermore if (3) holds, then for all > 0,

feF lim, .o ~HZ (¢,n) = 0. This is the “best” way of
2 . stating the result in the sense that from the definitions,
R n) — inf R ;
empl/n) jer (/) it follows that H® (¢,n) > H®(e,n). (Use of £,

covering numbers can lead to better finite sample size
bounds.) Traditionally the result has been stated in the
more compact form:

in probability asn — oo. (This is a minimal re-
quirement; we would also like to know how fast the
convergence is — more on that below.)

It turns out that a modification of the above require- Theorem 2.Equation 3 holds if and only e > 0

ments is. necessarylto _rule. ouF certain pathologies. lim LH2 (c,n) =0. 4)

One particular modification is given below, although n—oo

it is not known if it is the “best” one. The situations

ruled out include a coded solution whereby a single It can equally well be stated in termsH]‘f’(an); [see

observation (data point) suffices to identify exactly a Vidyasagar, 1997, page 127].

function from within some large class — see Bartlett .

et al. [1996] for an explicit example. As in Vapnik and It would seem how_eyer that_we have made little

Chervonenkis [1991], leA(c) == {f € F: R(f) > progress smce_(.:ond.mo_n (4) still depends on the (un-

¢}. Say that ERM isstrictly consistentf for all c knpwn) probability d|str|but_|on beqause of the expec-

such thatA(c) # 0, inf{Remp(f): f € A(c)} — tation. Furth.ermore,(beven if we did knof, thg ac-

inf{R(f): f € A(c)} in probability asn — oo. tual calculation offf;’(e,n) could be very difficult.
Both of these difficulties can be overcome by asking

Theorem 1.Vapnik and Chervonenkis [1991] Sup- a harder q_uestion. If inst_ead of requiring uniform con-

pose there exist constantsand B such that for all vergence just for a particuld?, we can require it to

f €3, A< R(f) < B. Then ERM usingF is strictly hold uniformlyfor all P. We now set

consistent if and only ifemp(f) converges uniformly G® (e,n):= sup HE(e;21,...,2,)

to R(f) in the sense that for adl > 0 hich is (in princi Izl)’“"zln able Know §and

. which is (in principle) calculable knowing onl§ an
Jim P{igg(R(f) — Rempf)) >} =0. (2 [ clearly, for any distributiorP, and any: > 0, we

haveH?®(¢,n) < G®(e,n). In fact ERM is consistent

. . ) for F for any probability measure if and only if for
A necessary and sufficient condition faniform one- 5, . < limy,_.oc 1G2 (¢,n) = 0 where as above

sided convergenc@) is known, but it is too technical g s the loss-function class induced frafn (The suf-

for this short paper. We do however describe the ficiency in this result follows immediately; necessity

necessary and sufficient conditions fomiform two- follows from the construction of an appropriafe)
sided convergence

lim P - =
im {;téglR<f) Remp(f)| > e} =0 (3) 4. GLIVENKO-CANTELLI CLASSES

n—oo

for all e > 0. In order to state the conditions, we need

_ : Whilst in principleGZ, (e, n) is now calculable, with-
to introduce a swag of notation.

out some further tricks, it is difficult to do so directly
Let A be a set in a metric spa¢é, p). AsetU isan  from the definition. In order to make the logical struc-
e-coveringof A if forall a € A, thereisau € U ture of the problem clearer and to link in with some of
with p(a,u) < €. Thee-covering numbepf A (with the literature on the topic, we introduce some further
respect top) Nf(s) is the number of elements in terminology. A key idea is thelimensionof a class
the smallest-cover of A. If f and ¢ are functions  of hypothesesF. That hypothesis classes with larger

defined onX andzy,...,z, € X, then thel; met- “dimensions” require more empirical data to work
ric induced by the points is defined by (f,g) = with is an old idea; for example it was quite explicitly
(% S (@) — g(xmp)l/p (for p € [1,00)) and discussed over 60 years ago in [Popper, 1980, Sections
max{|f(x;) — g(x;)|: i = 1,...,n} for p = co. If 38-39].

A'is a class of functions oX we write N;!() for  SupposeP is a probability distribution on the input
N (e). Let® = {9 = (2, f) = L(y, f(x)) : spaceX. Let 2" = (x1,...,7,) € X". Write



P(f) = [ f(2)dP(z) and P, (f) := 3 30, f(s).
A class of real-valued function$ defined onX is
called aP-Glivenko-Cantelli(P-GC) class [van der
Vaart and Wellner, 1996] if for alk > 0,
lim P™{z" € X": sup |P(f) — P.(f)| > e}=0.
n—oo fesF
Thus the condition (3) is equivalent d®@being P-GC.
We say thatf is ane-uniform GC clasge-UGC) if
lim sup P*{z"™ € X": sup |P(f) — P.(f)| > €}=0
n—oo p feF
where the outer supremum is taken over all probability
measures® on X. We sayd is auniform GC classf
itis e-UGC for alle > 0.

4.1 Fat-Shattering Dimensions

We now introduce two so-called scale-sensitive di-
mensions which we will use below. L&t be a set of
real valued functions. We say that a set of poiits

is y-shattered by relative tor = (r;).cx if there
are real numbers, indexed byxr € X such that for
all binary vectors) indexed byX, there is a function
f» € F satisfying

fb(x){

The fat shattering dimensioffats of the set¥ is a
function from the positive real numbers to the integers
which maps a valuey to the size of the largest-
shattered set, if this is finite, or infinity otherwise.

>ry+yifb, =1
<r, — v otherwise.

If X can bey-shattered choosing, = r the same for
all x € x, we say the points arelevel y-shattered
(at level r) and denote the largest humber of such
points by thelevel fat shattering functiofuFats ().
Fat and LFat can not be too different as shown in
Alon et al. [1997]: IfF C [0, 1]%, then for ally > 0,
LFaty(y) < Fats(7) < (2[1/27] — 1) Fatg(7/2).

The fat-shattering dimension for a number of function

large whilstFats(~) is small for ally of the appro-
priate scale (which depends on the accuracy to which
one wishes to learn; see the sample complexity results
in the next Section).

We say a triplg(4,~,7), A C X, P(A) > 0,v > 0,

r € R, is awitness of irregularityif 1) P|4 has no
atoms (i.eVx € A, P(x) = 0) and 2) for alln > 1,
P{z™ € A™: F y-shattersc™ atlevelr} = 1. The
second condition can be stated in words as for all
n > 1, almost all subsets of size are y-shattered
by F at levelr.

4.2 Characterisations via Fat-Shattering Dimensions

Theorem 3.Talagrand [1987, 1996} is P-GCif and
only if there is no witness of irregularity.

In hindsight, consideration of Talagrand’s result along
with Vapnik and Chervonenkis’ characterisation of
uniform GC classes in terms @® might lead one
to conjecture thaf is uniformGC iff Vy > 0,Vr €
R,3n/,Vn > n/, there is no sequence af points
x1,...,T, thatisy-shattered at level. That is indeed
the case and although not formally derived from Tala-
grand’s result, was proven in Alon et al. [1997] where
it is stated in the following more elegant form:

Theorem 4.The following are equivalent:
1) Fis uniform-GC.

2) Fats(y) < oo forall v > 0.

3) LFatg(y) < oo forall v > 0.

One of the attractive things about this result is that
it solely depends on “combinatorial” properties of
F. Furthermore, as we shall see in Section 5, these
dimensions can be used to make detailed statements
about the performance of learning algorithms on a
finite number of sample points.

A key technical tool in proving these characterisations

classes has been computed. An easy example is th& the upper bounding of & covering number in

setBV C RI%! of functions of bounded variation for
whichFatgy () = O(1/7).

The idea of fat-shattering was introduced into the
statistical learning theory community in Kearns and

Schapire [1994], although it has been used in approxi-
mation theory since the late 1950’s where it was appar-

ently first proposed by Kolmogorov [see Tikhomirov,
1960, page 103]. The intuitively appealing thing about
Fats(7) is that it measures the complexity ®fat the
accuracy scale one is interested in workingHis is

in contrast to previous generalisations of the “Vapnik-
Chervonenkis dimension” (VC-dim) to treat the prob-
lem of learning real-valued functions. For example,
the quantity known as the Pollapbeudo-dimension
(see [Haussler, 1992 dim(F) can be expressed as
Pdim(¥) = lim,_ Fats(y). There are many func-
tion classes for which i®dim () is infinite or very

terms ofFats(~y). We state the result slightly differ-
ently to Alon et al. [1997]; the proof that it is equiva-
lent is given in Lee [1996].

Theorem 5.SupposéF is a class of0, 1]-valued func-
tions onX and0 < ¢ < 1. Then for allz™ € X™,

16
G (e,n) < 3Fatg(c/4)In> —

(This result plays a role directly analogous to the
Sauer-Shelah lemma for the theory of learnfogl }-
valued functions based on VCdim.)

5. SAMPLE COMPLEXITY

The characterisations of various notions of GCness are
but a starting point. They actually lead to insightful



bounds on the sample complexity(s, 0) of learning shown that the rate is/e for the traditional regression
problems, which is defined as the number of samplessetting. Note that the constants implicitin #¢-) can

m needed to learn to accuraey with probability be explicitly evaluated.

1 — 6. The precise definitions vary according to the

exact setting of the learning problem, and we will

only consider the two settings known as regression5.2 Application to System Identification

and agnostic learning. The significance of these results

is that they give &finite bound on the number of Results along the lines of the ones presented can
samples need to learn to some pre-specified accuracybe applied to the overall system identification task.
Their practical significance is not so much the specific Rather than catalog the existing results, let us be
numbers they indicate, butin the scaling laws (in terms satisfied with a sampling of the literature, and some
of €) which are valid for “small” sample sizes remarks on future directions.

To the best of my knowledge the first application of
results of the flavour presented above to problems of
System Identification were in Weyer [1992], Weyer
hilst th ditional ion f K - et al. [1992, 1993, 1996] where results of Vapnik
w '.Stt e tra |fuor?a regression framewor ce'rtamy were used in a setting where theodelswere linear
provides some |n5|g_ht, itis unsatisfying in one impor- systems, although the true plant was not necessarily.
tanc;[ rels_pec;c. It r_eqwies orle éo}fi?uTe th_at_theh 'U€"Since then these sorts of results have been applied by
undertying unctlonf (z) = E[ ‘. = z] is in the various authors (including Meir, Fiechter, Campi and
cIa;;CF. This is oby|ously something that can not be Kumar).One difficulty in applying the above (or re-
;/enflc;ad..l:]owevir it we glelax' t?le assq|r|11pt|onmv;e are lated) results directly is the independence assumption
aced with another problem: t e“re Wi 'nol/v o required for the above results to hold. This was over-
sources of error. As well as the “statistical” error in- come in Weyer et al. [1996] by making assumptions
curred as beforg due to only Tavmg a f|n!te ”sample about the length of the tail of the impulse response
of data, there will also be an apprommqﬂon error ¢ the unknown system (which does not have to be
_?EFern the tr.u.th _andd:jhg be;t rr]nodel In ]Ehe class. linear). There is a now a growing body of work extend-

| 'Sf ecc;mposﬂ(;on IS "’.1" |t|\;g T the ct;o\setp a squ?reing the characterisation results (and hence opening the
0SS function, and we will Testrict our attention main'y way for sample complexity results) to dependent pro-
to that case. It is often explained in terms of bias plus .o<ses One example isdRe and Yukich [1994]. The
variance. Wh'ISt one can not theoretpglly quantify the usual methods of theoretically dealing with dependent
approximation error without (unverifiable) assump- processes (by reducing the problem to an approxi-

tlons on the truth, itis st!ll possible to make theoretical mately independent process, with fewer observations)
claims about the sampling error. have been used

'I;]he _ag}gostic IearTinfgglod\il/ used here isbb]:asedhon.l-he point of applying the general techniques to Sys-
that In Kearns etg. [. h I efassume as be Or?t em Identification problems is severalfold. The key
we are presented with a set of examplés;, yi) : ones are 1Jinite sample complexity bounds can be

‘ ; 1"&'{’ 7?I'}h with y; Ie 4 WZ'Ch Is'adboungedtl obtained in a probabilistic setting where all of the
subset oiR. € examples are drawn INdependently v, yitional results are asymptotic; 2) The results tend
from some arbitrary distribution® on X x Y. A

classF of real-valued functions defined dhis said
to be agnostically learnablenith sample complexity
m(e, d) if for any probability distributionP on X x
Y, given0 < 6 < 1 ande > 0, usingm(e,?)
examples one can find a hypothesiss F such that
with probability at least — §,

R(h) < inf R(f) +e. 6. CONCLUSIONS
€

5.1 Agnostic Learning

to show more clearly what it is about a problem that
makes it hard; 3) The further development of the gen-
eral framework, and in particular the possibility of
new inductive principles, could provide a range of new
algorithms for System Identification.

A number of results from statistical learning theory
have been presented. They are of direct relevance to
Nonlinear System Identification in so far as the gen-
eral problem formulation adopted fromd®jerg et al.
[1995], Juditsky et al. [1995] is valid, for once that
)) : setup is adopted, one is faced with a general regres-
sion problem. We have chosen to present the logical
structure of the state of knowledge of the field, es-
pecially concentrating on the ERM inductive princi-
The key thing to note is that the sample complexity ple. An important conclusion is that the number of
for agnostic learning scales roughly B&?2. It can be parameters in a model classrist a characterization

Theorem 6.SupposeF C [0,1]%,Y C [0, 1] and that
for somer > 0, Fat5(y) = O(y~"). Then the sample
complexity of agnostically learning with satisfies

1 5 Fatg(g) 1
m(e,d) =0 (52 (Fatg(g) In — + lng

See [Lee, 1996] for a proof.



of problem difficulty. This follows from the fact that
as we have seeifats(7y) is such a characterization,

M. Talagrand. The Glivenko-Cantelli problednnals
of Probability, 6:837—-870, 1987.

and one can readily construct a variety of models with Michel Talagrand. The Glivenko-Cantelli problem,

the same numbers of parameters but vastly differing

Fats(v). We have omitted mention of some key de-

ten years laterJournal of Theoretical Probability
9(2):371-384, 1996.

velopments arising in the field within the last couple V.M. Tikhomirov. Diameters of sets in function spaces

of years. Two very exciting ones are the rigorous anal-

ysis of alternate inductive principles [Shawe-Taylor

and the theory of best approximationsRussian
Mathematical Survey45(3):75-111, 1960.

et al., 1998] and the direct calculation of the relevant A.W. van der Vaart and J.A. WellneWeak Conver-

covering numbersvithout recourse to combinatorial
dimensions [Williamson et al., 1998].
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